Abstract: This letter presents a modified stochastic finite-difference timedomain (S-FDTD) method and its perfectly matched layer (PML) implementation. In the modified algorithm, the electric field variance equation is derived from a D-H form. By using the bilinear Z transform, the algorithm is applicable for different types of dispersive materials. Based on the stretched coordinate (SC) system, the PML implementation is also proposed. Numerical examples are presented to show the effectiveness of the proposed method.
Introduction
The finite-difference time-domain (FDTD) method is a very successful numerical method in computational electromagnetics, and has been used in various applications [1, 2, 3] . One of the recently developed FDTD methods is called stochastic FDTD (S-FDTD) method, which was introduced by S. M. Smith and C. Furse [4] . It has been successfully used in solving EM wave propagation problem [4, 5, 6, 7] and antenna radiation problem [8, 9] in which the materials are characterized by uncertainty or variability. Compared with Monte Carlo method, the S-FDTD only need one single simulation to obtain the average (mean) and variability (variances) of electromagnetic fields both in space and time.
In the S-FDTD scheme, the mean and standard deviation of electromagnetic fields are divided into two sets of update formulations. In [4, 5, 6, 8, 9] , the authors focused on the electromagnetic filed uncertainties caused by the fluctuations of " r (relative permittivity) and σ (conductivity) in the conductive materials. For more complex dispersive materials (e.g. plasma), the formulations are not applicable. Very recently, we presented a Stochastic FDTD method for modeling wave propagation in plasma by combining the piecewise linear recursive convolution (PLRC) method [10] . However, for other types of dispersive materials like Lorentz or Debye materials, the update equation should be derived again.
In this work, we present an S-FDTD method for general dispersive materials of a single pole. The modified S-FDTD method is based on a D-H form, and the frequency-dependent material property is transferred into the discrete time domain by using bilinear Z transform. As compared with the Stochastic PLRC FDTD method, the update equation for the proposed S-FDTD method has a more general form for different types dispersive materials. Moreover, based on the stretched coordinate (SC), the SC-PML is extended into the S-FDTD to truncate the fields variance. Examples of different types of dispersive materials were illustrated to demonstrate the effectivity of the proposed method.
Formulation
The Maxwell equation can be written in the stretched coordinate system as 
Eq. (2) is the constitutive relation. For conductive material, the relative complex permittivity is" r ¼ " r À j !" 0 , where " r is the real relative permittivity and is the conductivity. For more complex dispersive materials, the" r can be expressed as a rational fraction"
where p n and q n are the polynomial coefficients determined by the material parameters. 
For brevity, we use the notation
Áy .
The update equation for E will be derived from the frequency-dependent constitutive relation. 
, After polynomial simplification, the constitutive relation can be written in a more compact form as
where C p Ex and C p Dx are the coefficients for E x and D x at time step n À p, respectively. A list of the coefficients for the three types of dispersive medium is given in Table II and Table III respectively. For memory saving, Eq. (6) can be written in a more straightforward E-H form when solving EM problem in conductive media. For example, the update equation of E x field components is 
Here, f 0yj $ f 2yj are the coefficients related to the PML parameters which can be found detailed in [13] . Now, the mean E-fields update equations are obtained. The mean H-fields update equations are the same as those in the air.
Variance field equations
To derive the standard deviation (or variance) update equations, the variance of Eq. (6), Eq. (7) and Eq. (9) must be taken. During the derivation process, we should follow the two guidelines in [4, 7] . We start by rearranging Eq. (9) and taking its variance. This yields 2 fH zy j
Assuming the H-fields are highly correlated to each other in time [4, 7] , we take the following approximation for the correlation coefficients 
With these approximates, Eq. (10) yields
Note also for brevity, we use the notation for ÁH z Áy 
For simplicity, we only consider ! p as a random variable, so the coefficients q 0 (only in Lorentz materials) and q 1 are also random variables. Applying the approximations
Eq. (14) becomes
The items fp 0 E x g and fq 0 D x g in Eq. (15) can be calculated by delta method [4, 7] , and can be written as
Substituting Eq. (16) and (17) into (15), the update equation of fE x j n g for Drude and Lorentz materials can be expressed as
In a similar way, the update equation fE x j n g for Debye materials can be also obtained as
In Eq. (18) and (19), the cross-correlation p ;E x ! p ;E x , p ;D x and ! p ;D x has not been approximated, and its value will affect the fE x j n g. The flowchart of the D-H scheme S-BT-FDTD is shown in Fig. 1 
Again, applying the approximations:
Eq. (20) becomes
iþ1=2;j;k g ð 21Þ Similarly, we have f" r E x g % " r ;E x E x f" r g þ " r fE x g fE x g % ;E x E x fg þ fE x g ð22Þ Substituting Eq. (22) in Eq. (21), rearranging, the update equation for fE x j nþ1 g in conductive materials can be rewritten as
As it can be seen in Eq. (23), the update of fE x j nþ1 g is related the correlation coefficients " r ;E and ;E , which require approximations. Their approximations will affect the results. It is worth mentioning that Eq. (23) is different from Eq. (27) in [4] . There are no coefficients ð " r ;H ; ;H Þ between magnetic field H and σ, " r , which make the update equation of fE x j nþ1 g more concise. The validity of Eq. (23) will be verified in the next section.
Numerical results
In this section, four numerical examples are shown to verify the proposed algorithm. The first example is the same as the one in [4] . A 2 GHz plane wave normally incident on the layered tissue. The spatial step Áx is set to 1.25 mm and the time step is set equal to Áx=2c 0 . Ten cells of PML layer is added to both boundaries. The parameters for SC-PML are scaled as
where x 0 is the interface between the FDTD and PML region, d is the thickness of the PML, m ¼ 4 is a constant number and max ¼ opt % ðm þ 1Þ=ð150ÁxÞ. The parameter α is kept as a constant in this letter although a scaled one may lead to better performance under certain circumstances. In this example, the PML parameters are selected as max ¼ 15, max ¼ 1 Â opt , ¼ 0:08, denoted as ð15; 1; 0:08Þ. Fig. 2 shows the variance of electric fields of correlation coefficients ð1; 0:5Þ at the time step n ¼ 3155. It can be seen that a higher correlation coefficient leads to a higher variance of the electric field. For validation, the results calculated by [4] are also plotted in the Fig. 2 . An excellent agreement is achieved for both correlation coefficients.
The second example is plasma cylinder scattering example which is same as the example 2 in [10]. As the last example, we simulate a line source radiation in a homogeneous material and check the PML performance for field variance. The whole computational domain including 10-cells PML is defined by 50 Â 50 cells with the size of all cells uniform as Áx ¼ Áy ¼ 0:15 mm. The time step is Át ¼ Áx=ð2c 0 Þ ¼ 2:5 Â 10 À13 s. The material parameters are characterized by: mean relative permittivity " r ¼ 4:0, standard deviation f" r g ¼ 0:5, mean conductivity ¼ 0:2, standard deviation fg ¼ 0:06. The PML has the same parameters as the first example and the correlation coefficients between the E-field and " r , are set to 1.
A differential Gaussian is excited at the center of the simulation domain given by
where
To analyze the performance of the proposed PML implementation for the variance fields, we calculate the relative ABC's reflection error at pt1ð38; 25Þ and pt2ð38; 38Þ given by 8 shows the relative reflection error computed at the observation points for SC-PML and Mur's ABC [18] . As expected, the proposed SC-PML implementation reduce the reflection error significantly. The maximum relative reflection error for SC-PML is about −60 dB at both point, which is about 40 dB lower than the Mur's ABC.
Conclusion
We presented a general form S-BT-FDTD method for three types complex dispersive material. The proposed algorithm is validated through comparisons with the reference and Monte Carlo solutions in ordinary conductive material, Drude (plasma) and Lorentz martials. Then, a radiation example is illustrated to show very good performance of the SC-PML as compared with Mur's ABC in absorbing variance field.
